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1. Introduction

Open-universe probabilistic models (OUPMs) enable Bayesian inference about the existence
and attributes of latent objects underlying observed data, as well as their interconnections.
Prominent applications include seismic monitoring for global nuclear safety (Arora et al.,
2013; Arora, 2012); information extraction from natural language documents (Russell et al.,
2016); generating realistic 3D scenes with varying numbers of objects (Yeh et al., 2012); “in-
verse graphics” approaches to breaking CAPTCHAs (Mansinghka et al., 2013) and inferring
3D scenes from 2D data (Kulkarni et al., 2015; Zinberg et al., 2019); and simultaneous de-
duplication, cleaning, and record linkage from real-world databases with millions of records
(Lew et al., 2020). Because the state space in OUPMs has a priori unknown dimension,
popular black-box inference algorithms such as Hamiltonian Monte Carlo cannot be applied.
Instead, applications rely on custom MCMC kernels. These kernels use application-specific,
data-driven heuristics to intelligently delete, split, or merge hypothesized objects, “birth”
new objects, and modify the properties of and relationships between objects. Although these
proposals can be designed and justified in the reversible-jump MCMC framework, this is
often challenging. As Brooks et al. (2003) noted, “the application of reversible jump...has
predominantly remained within the domain of the MCMC expert,” due to the difficulty of
deriving and implementing effective RIMCMC kernels.

This abstract introduces a new framework for OUPM inference that makes it easier to de-
sign and implement custom, data-driven kernels. We adapt involutive MCMC (Cusumano-
Towner et al., 2020; Neklyudov et al., 2020), a generalization of reversible-jump MCMC, to
the setting of OUPMs. This enables software to automatically generate correct and scalable
implementations of complex, application-specific kernels from high-level user specifications.
Users design inference programs that propose incremental changes to possible worlds, creat-
ing, deleting, or modifying objects according to data-driven, application-specific heuristics;
these proposals are automatically converted into stationary MCMC kernels via an accep-
t/reject step. To automatically compute the acceptance probability, our approach leverages
program tracing and dependency tracking (for efficient computation of proposal and model
densities) and differentiable programming (for the Jacobian determinant). Preliminary ex-
periments on (1) an auditory scene analysis application (Cusimano et al., 2018) (Figure 3)
and (2) Gaussian mixture modeling with an unknown number of components (Richard-
son and Green, 1997) (Figure 4) show that our approach enables data-driven kernels that
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are faster than generic probabilistic programming language (PPL) inference and generic
birth/death RIMCMC kernels without application-speci ¢ customizations.

Related Work. We build on involutive MCMC, introduced by Cusumano-Towner et al.
(2020) as a framework supporting higher degrees of automation for application-speci c
MCMC algorithms, and (independently) as a mathematical generalization of many clas-
sic MCMC methods by Neklyudov et al. (2020). Our main theoretical contribution is a
generalization of involutive MCMC to OUPMs. We compare our approach to the generic
ancestral resampling MH algorithm (Wingate et al., 2011) used by many probabilistic pro-
gramming languages supporting OUPMs, such as BLOG (Milch et al., 2005a). Previous
work has explored using application-speci ¢ kernels for BLOG models (Milch and Russell,
2012), but these require modifying the BLOG inference engine's source code and man-
ually deriving parts of the acceptance ratio. The Gen (Cusumano-Towner et al., 2019)
and Stochaskell (Roberts et al., 2019) PPLs support forms of automated reversible-jump
MCMC, but neither features high-level OUPM inference constructs; custom kernels in both
languages operate on low-level program traces, not high-level object-based world represen-
tations, which can compromise both ease of use and asymptotic performance. Furthermore,
the automation technique proposed by Roberts et al. (2019) does not support unrestricted
use of auxiliary variables, and (e.g.) cannot handle the algorithms benchmarked in Figure 3.

2. Open Universe Probabilistic Models

Figure 1 shows an open-universe model for inferring the set of seismic events underlying
observed detections from seismic monitoring stations. A priori, it is unknown how many
events there are, and which detections correspond to the same event (or, in the case of
spurious false positives, to no event at all). Standard probabilistic graphical models are
ill-suited for encoding this sort of uncertainty about the number of objects re ected in a
dataset and their causal relationships.Open-universe probabilistic modelsenable reasoning
about such problems, by de ning generative processes over entire relational domains.

Model speci cation. An OUPM is fully speci ed by: (1) a nite set T of object types
(in Figure 1, Event, Station , and Detection ); (2) a nite set N of possible origins for
each object type (in Figure 1, a Detection may originate from a (Station ; Event) pair,
or from a single (Station ) that records a false positive); (3) a countable setP of typed
object propertiesP ( 1;:::; n) (such asmagnitude(Event) and reading(Detection) ); and
(4) a contingent Bayesian networkC over a set of random variables that encode the number
of objects that exist, as well as their properties and relationships (Milch et al., 2005b).

Contingent Bayesian networks. The probabilistic structure of an OUPM is given by a
contingent Bayesian network C over an in nite set V of possible variables These variables

value of the property P for the given tuple of objects. Like an ordinary Bayesian network,
a contingent Bayesian network uses a directed graph to describe the probabilistic depen-
dencies among variables. However, the edges in a CBN's graph are contingent: they are
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Figure 1: An OUPM for seismic monitoring, inspired by Arora et al. (2013), in which Detection s
are received at seismic monitoringStation s. Each Station receives some number of false-positive
Detection s, and for eachEvent, each Station has probability 0.8 of detecting it. Each Event has
an amplitude , and a reading of a Richter-scalemagnitude is recorded for eachDetection , which is
distributed around the underlying Event's magnitude when the Detection is not a false-positive.

Algorithm 1 Automated Involutive MCMC for OUPMs

procedure OUPM-IMCMC (p;q;f;x)
(y;ok(y)) SampleAndScore (q;X)
(U;M;y%J)  Processinvolution  (f; (x;y))
(x% ‘;((XX(;)) UpdateWorld  (x;U; M)
cko(y)  Score (q;x%y?)
with probability 222 g.o(y9) oGy J retun xelse return  x

p(x)
end procedure
procedure Processinvolution  (f; (X;y))
. Track continuous reads and writes, manipulation moves M, and property updates U
(Rd;Wr;M; Usy9) fg ;fg;[]ifg:fg
Execute f, but with
each manipulation command m (create , delete , change, split , merge (M M [f mQ)
"proposed [k]"  (if y[k] is continuous: Rd  Rd [f y[k]g; y[k])
"set backward [k] = v*  (if v is continuous: Wr  Wr [f y[k]lg; y° Y°[f k 7! vg)
"get (P(o1;:::;00))" (v X[P(01;:::;00)]; if v is continuous: Rd Rd [f vg; V)
"set P(01;:::;0n)= V" (if viscontinuous: Wr  Wr [f vg; U[P(01;:::;0n0)] V)
J uninitialized jRdj j Rdj matrix

Execute f with reverse-mode AD to compute SQZ[[ H for eachj 2 f 1;:::;jRdjg
I 1 e (W)
return  (U;M;y % jdetJj)
end procedure
labeled with predicates, involving the other possible variables, determining the conditions
under which they areactive. The conditional distribution for a variable v, py(! [V]j ! pa, (v)),
may depend only onv's active parents Pa (v) in a particular possible world ! .

Induced probability distribution over minimal self-supporting instantiations.

Fixing a setU V of observedvariables (in Figure 1, f detections() g), the CBN Ccan be
used to de ne a probability distribution over minimal self-supporting instantiations (MSSIs)
for U: nite assignmentsw to a subsetof variables varsfv) V , whereU vars(w), such
that (1) w is self-supporting|if v 2 vars(w) and u 2 Pay(v) then u 2 vars(w); and (2) w is
minimal |if any variable v 62U were removed fromw it would no longer be self-supporting.
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Figure 2: (a) An execution of a MCMC kernel transforming the state of the seismic monitoring model
on the left to that on the right. The move, with random choices shown above the right arrow, posits
a new event to explain a false positive detection. The involution sets the new event's amplitude
to 10", converting Richter-scale magnituder to an event amplitude, so the acceptance probability's

(d(difl)(x;y)) term is log(10)10"; our system calculates this via automatic di erentiation. The
kernel can also make the reverse move (). (b) The involutive MCMC kernel visualized in (a).

Let W be the set of all possible minimal self-supporting instantiations for a xed setU
of observed variables, and let vars{V) = fvars(w) j w 2 Wg be the set of possible sets-
of-variables that can be jointly specied by a minimal self-supporting instantiation. For
v 2 vars(W), let vq be the set of all possible joint assignments to thaliscrete variables in
v. Then we can de ne a reference measure over the spaceW of MSSis, given by

X o
(E) = Wil wal (£ w9 wl2 Envars(wd = vA8v 2 vars(wg); wiv] = wg[v]g);
v2vars(W) Wg2Vg
where W, is the vector of values of the continuous variables in an MSSiv, and ¥ is the

Lebesgue measure oK. With respect to ~, the probability density for the OUPM, as a
distribution over MSSis, is given by p(w) = v2vars(w) pv(W[v]jfu 7! wlu]ju2 Pay(v)g):t

1. Milch et al. (2005b)'s formulation of contingent Bayesian networks does not support continuous random
variables. See Appendix B for a more careful development of CBNs, and an extension (to our knowledge,
novel) to the continuous-variable case.
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Figure 3: An OUPM for auditory perception. (a) A waveform (left) is observed as a spectrogram
in the frequency domain (center), from which we infer the number and type of constituent sound
sources that together explain the observed data (right). (b) Convergence pro les of 4 MCMC kernels;
the two data-driven iIMCMC kernels outperform generic PPL and generic RIMCMC kernels. (c)
Approximate posterior samples re ecting typical failure modes of non-data-driven kernels.

3. Involutive MCMC for Open Universe Models

An involutive MCMC kernel (Cusumano-Towner et al., 2020; Neklyudov et al., 2020) for a
target density p on a measure spaceX; x; x) uses a three-step process to transform a
state x into a next state x°. First, auxiliary variables y are sampled from a state-dependent
proposal with density gy, de ned over a measure spaceX; v; y). Second, aninvolution ?
f is applied to (x;y) to obtain (x%y9: x%is the proposed next state, andy®is an auxiliary
variable value that would cause the kernel to propose the old statex from the new state
x0 (since f (x®y9 = (x;y)). Third, an acceptance probability (x;y;x%y9 is computed.
With probability , x%is the Markov chain's next state; otherwise the statex is repeated.
Cusumano-Towner et al. (2020) show that this process yields a stationary kernel fop when

pOx9ae(y)  d( f 1)
p(x) ok (y) d

(xy;x%y9 = xy) (1)

d. f b

where is the Radon-Nikodym derivative of the pushforward of = x vy through
f with respectto . In general, this does not yield a constructive procedure foicomputing
this Radon-Nikodym derivative, but Cusumano-Towner et al. (2020) show that whenp and
g are distributions over a spaceD of nite dictionaries, i.e., nite sets of key-value pairs,
the Radon-Nikodym derivative can be computed as the determinant of a Jacobian matrix.
It turns out (Theorem 1) that a similar result holds when p is an open-universe model.
Supposef is an involution on the spaceW D , and that there is a countable partition
fCigof W D suchthat: (i) (x;y) 2 Ci =) f(xy)2 G, (i) for all ( x;y) 2 C;, the total
number of continuous values in minimal self-supporting instantiation x, plus the number of
continuous values in dictionary y, is constant, and (iii) for each C;, for (x;y) 2 C;j, there

2. An involution is a function that is its own inverse: f (f (X;y)) = ( X;y).
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is a di erentiable bijection h; : Rk 1 Rk mapping the continuous values inx and y to
continuous values inx%and y° (where (x®y9 = f (x;y)). Then, we have:

Theorem 1  For any open universe model with densityp, any collection of distributions
over nite dictionaries with densities gy, and any involution satisfying the above conditions,
involutive MCMC with  (x;y; x%y9 = % j det(Jhi(x;y))j is stationary for p, where

Jhi(x;y) is the Jacobian ofh; at the continuous variables of(x;y), andi is s.t. (x;y) 2 C;.

The proof involves a translation to the nite dictionary case, and exploits the structure of
minimal self-supporting instantiations to guarantee the necessary properties of .

4. Automation of Acceptance Probability via PPLs and AD

We have extended the Gen probabilistic programming system (Cusumano-Towner et al.,
2019) with new constructs for OUPMs (sample code in Figure 1) and automated involutive
MCMC for these models (Figure 2, Algorithm 1). The contributions are: (1) a new model-
ing language for open-universe models, capable of e ciently simulating MSSiIs, evaluating
densities, and modifying world states; (2) a new DSL for de ning object-based involutive
MCMC proposals (Appendix C); and (3) an automated implementation of involutive MCMC
for open-universe models, which automatically calculates acceptance ratios via probabilistic
and di erentiable programming techniques (Algorithm 1). See Appendix D for more detalils.

5. Experiments

Auditory scene analysis. We implemented a variant of Cusimano et al. (2018)'s model
of human auditory scene perception, which is based on an OUPM of sound sources with
properties including amplitude, type, pitch, and duration. See Figure 3 for an example
problem, and Appendix A.2 for details. We implemented two custom, data-driven kernels:

a data-driven sound detection kernel (Figure 11) that applies image- Itering and edge-
detection to frequency-domain spectrograms and proposes new audio sources to explain
sounds it detects in the data but not in the currently-hypothesized world, and a data-
driven sound splitting kernel (Figure 12) that splits long sounds into shorter ones at
endpoints detected in the observed soundwaves. We also implemented two baseline inference
strategies: anancestral resampling  kernel (Figure 9) based on generic PPL inference in
BLOG,; and a generic birth/death RIMCMC kernel (Figure 10) that proposes to create a
sound with parameters generated from the prior, or delete a sound. Figure Figure 3(b) shows
guantitative performance comparisons indicating superior performance for custom data-
driven kernels. Common failure modes of the generic kernels are illustrated in Figure 3(c).

Open-universe Gaussian mixture modeling. We also implemented Richardson and
Green (1997)'s data-driven inference algorithm for clustering in a Gaussian mixture model
with an unknown number of components. See Appendix A.1 for details, including an illus-
tration in Figure 4. We have found that BLOG inference typically fails to accept moves to
world states with di erent numbers of clusters, whereas the data-driven algorithm rapidly
mixes. Note that Richardson and Green (1997)'s algorithm includes a split-merge kernel
with a Jacobian term that our approach calculates automatically.
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Appendix A. Experimental Details
A.1l. Open-universe Gaussian Mixture Model.

Richardson and Green (1997) develop a series of highly data-driven MCMC kernels for
a Gaussian mixture model with an unknown number of mixture components. Here we
compare their algorithm, implemented using our system for involutive MCMC in OUPMs,
to the generic inference engine in BLOG.

The model is as follows. The number of mixture componentsk, is a Poisson random
variable. The mixture weights and the parameters of each mixture component are drawn
from the appropriate conjugate priors:

wy;:::;wy  Dirichlet( 1) i N (;1=) jz inverse-gamma(;, );
where 1, denotes a vector of ones inR*; w;, , and j2 denote the weight, mean, and
variance of thej -th mixture component respectively; and , , , ,and are xed hyper-

parameters. Lastly, for the i-th data point we sample a cluster allocation, and given the
cluster allocation, we sample a value from the assigned cluster; ie.

2

z; Categorical(wy;:::;wg) Vi N ( z; 7

Our involutive MCMC proposal consists of rst updating the weights, means, variances,
and allocations using Gibbs updates, and then performing a split or merge move to change
the number of clusters. The Gibbs updates are given by

W1, W] Dirichlet(wy + nq; @i wi + ng) |
+ 2 Vi 1.
j zi=j . 2n.
jlit N | 2nj " ;oo
2. 1 . N 2
{111 inverse-gamma( + énj, + '(yi i)°)
zi=]
Pz =jj)IN (5 D)

wheren; denotes the number of data points allocated to thej -th cluster. Our merge moves
consist of choosing indiceg1 6 j2 and j uniformly at random and merging the j;-th and
j2-th clusters into the j -th cluster. We ensure that the zeroth, rst, and second moments
of the newly generated cluster match the corresponding moments in the mixture of the
original clusters; i.e.

W = W+ W
w =W 1+ Wy o2
W( + 5=wi( 1+ 2+ wy( 2+ 3): (2)

To ensure ergodicity, our split procedure relies on three auxiliary variables

u; beta(2;2) u, beta(2;2) uz beta(1;1);

10
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Figure 4: Gaussian Mixture Model Inference Experiment Results

and generates new clusters according to

W1 = W Ug w,=w (1 up)

1 uz Wo=Wq 2= T W W1=W>
2= uz(1 ud) 2w =w 2=(1 ul)d ud) 2w =we: (3)

Using (2) and (3), we can derive our involution's Jacobian matrix (leaving out rows and
columns which merely copy a value):

> w up uz us
w1 0 0 uq w 0 0
q .- ¢ E—
Uz xfz us ug 1 R
1 1 L 0 - w2 0
2 2up(ug 1) W1
2 0 usw (u3 1) 0 us *(u 1) 2upuzw 2 w 2(uf 1)
J= ! w1 u? w1 w1
Wo 0 q0 1 u C}N 0 0
uz % Uz u;-jll q W71
2§ 1 2 0 2 D) ws 0
» g W (uius uf us+l) 0 ?(ufus uf us+l)  2upw 2@z 1) w *(ui 1)
2 w2 (up 1)2 W2 W2

Given a speci cation of the inference kernel, our system automatically calculates
this Jacobian matrix  and its determinant

- .22
W] 2l 1 2

2(1 ud)ug(l ug) 2

without the user needing to work through this derivation.

Figure 4 shows representative results, in which the involutive MCMC proposal accurately
recovers the true latent clusters, whereas the ancestral sampling proposal only roughly
narrows down the component parameters.

jdetJj =
JdetJ) U

11
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Figure 5: Gaussian mixture model with an unknown number of components. Instead of imperatively
sampling cluster weightsws;:::;w, Dirichlet( 1g), in our model, each cluster has arunnormalized

cluster weight property sampled from a Gamma distribution; normalizing these then sampling clus-
ters from the resulting distribution is equivalent to sampling clusters according to weights sampled

from a Dirichlet.

Figure 6: Data-driven Gaussian mixture model split/merge kernel from Richardson and Green
(1997).

12
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A.2. Auditory Scene Interpretation.

Auditory scene analysis Bregman (1994) is a perception task that involves separating an au-
dio waveform into individual sound sources when the number and properties of the sources
are unknown a-priori (Figure 3a). Recently, Cusimano et al. (2018) proposed a compu-
tational model of human auditory scene analysis based on an open-universe probabilistic
model of sound sources, and showed that probabilistic inference in this model based on
MCMC is able to qualitatively reproduce human inferences about auditory scenes, includ-

ing reporting ambiguity in the same situations as humans.

The model. We developed a simpli ed version of the model of Cusimano et al. (2018)
that uses a prior distribution on the number of sounds and the type of each sound (‘tone'
or "white noise'). Tones have an unknown frequency, onset time, and duration, and white
noise sounds have an unknown amplitude, onset time, and duration.

Figure 8: Performance of di erent inference ker-
nels, measured on 100 randomly-generated audio
scenes with 3 underlying sounds.

Figure 7: Our OUPM for audio inference.

Inference Experiments. We implemented four involutive MCMC kernels for this model

in our extended version of Gen. We performed experiments applying these kernels to the
audio waveform shown in Figure 3a, which consists of a short tone, followed by a short period
of white noise, followed by a short tone at the same frequency as the rst tone (Cusimano
et al., 2018). When the noise is very loud, humans tend to hear one continuous tone
temporarily obscured by a loud noise, whereas when the noise is quiet, humans hear two
distinct short tones, with noise in the middle. Our example uses a softer noise, and our
best-performing inference programs, which use application-speci ¢ kernels implemented via
our framework, recover the true decomposition (two tones separated by noise). However,
generic inference kernels often incorrectly infer a single long tone (Figure 3). In addition to
testing our kernels on the speci ¢ audio scene in Figure 3a, we tested them on 100 audio
scenes generated from our model's prior distribution, with similar results (Figure 8).

Generic Kernels The rst two kernels we implemented are not application specic or
data driven. Our ancestral resampling kernel (Figure 9) resimulates a single variable

13
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from the prior distribution (also ancestrally generating any additional variable values which
need to be added to the world due to the resimulated variable). Ourgeneric birth-death
reversible-jump kernel (Figure 10) randomly proposes to create or delete individual sounds,
proposing new sounds' properties from the prior. We cycle this kernel with the ancestral
resampling kernel so that property values of existing sounds can more easily be updated.
Figure 3(b) shows that in our experiments, these two kernels converge to inferences of
latent waveforms under which the observed sounds are substantially less likely than under
the latent waveforms our data-driven kernels recover. Figure 3(c) visualizes two common
failure mode these kernels exhibit due to their inability to e ciently incorporate evidence
from the data, and their inability to make proposals to split long sounds into short ones
(which require application-speci ¢ logic to calculate endpoints of the new sounds based on
the position of the sound being split). We found that the generic birth-death kernel often
failed to exit a local minimum in which a single continuous tone is inferred instead of two
temporally separated tones of the same frequency (Figure 3c, left). The generic kernel
performs worst|it usually infers one continuous tone, but often also infers spurious tones.

Aside: proposing from the prior in involutive MCMC. To facilitate proposing
values from the prior in involutive MCMC kernels, we have implemented aregenerate
command which can be called from within the involution DSL. (For examples, see Figures
9, 10, and 11.) The commandregenerate properties of object samples a value from
the prior for each property of the given object (using the prior as it will appear in x9. This
complicates our picture of involutive MCMC slightly, as there are now random values being
sampled during the execution of the involution function, instead of only in the proposal
probabilistic program. We thus must view the proposal function as only implementing part
of the g distribution and sampling part of y, with the rest of gimplemented by the involution
DSL's regenerate commands.

To ensure involutiveness, when a transition k;y) ! (x%y9 uses aregenerate com-
mand, the reversing move «%y9 ! (x;y) must specify in y the value sampled by re-
generation during the forward move. To specify reverse-move values for non-regenerated
values, users use syntaxbackward[addr] = value , where addr is the address (variable
name) at which the proposal function should sample this value. Since users do not spec-
ify an address for the values iny which are regenerated (unlike values iny which are
sampled in the proposal function), we provide the following additional syntax syntax:
backward[property(object)] = regenerated sets the value iny for regenerating the vari-
able property(object)  to the value of property(object)  in x, and backward[properties
of object] = regenerated does this for all properties of object . See Section E for more
details.

Custom kernels. Some speci ¢ domains, like data-clustering, have seen standard MCMC
kernels developed for data-driven inference, which are fairly conceptually simple but pre-
viously required fairly deriving fairly involved calculations (Richardson and Green, 1997,
Wang and Russell, 2015). In addition to facilitating the implementation of these types
of kernels and removing the need to manually derive acceptance probabilities, involutive
MCMC facilitates the development of data-driven kernels in more complicated domains
which involve complicated logic to use information from data e ectively. For instance,
Cusimano et al. (2018)'s experiments used MCMC inference with a proposal based neural-
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Figure 9: Our ancestral resampling  kernel, which selects a random variable and samples a new
value for it from the prior. The only complication is that when we sample the number variable
(changing the number of audio sources in the world), we must also generate new properties for any
newly created audio sources. (These properties are also generated from the prior.) For details on
generating values from the prior in involutive MCMC, see Section E.

Figure 10: The generic birth/death  kernel either creates or deletes a random sound. When a new
sound is created, its properties are all generated from the prior. For details on generating values
from the prior in involutive MCMC, see Section E.

network transformations of observed soundwaves, implemented in an early version of our
inference programming system. For our experiments in this paper, we developed a roughly
250-LOC image- Itering and edge-detection algorithm to analyze observed soundwaves and
detect possible errors in the currently inferred latent sounds. We called this sound-analysis
program from within 2 involutive MCMC kernels we developed, which our system auto-
mated the implementation of, including e ciently updating world states and calculating
the Jacobian correction term.

Our data-driven sound detection kernel (Figure 11) either proposes to delete a
sound, or to create a new sound which with high probability is proposed at a time and
frequency where our analysis program detected a sound in the data but not the currently
inferred latents. Figure 3(b) and Figure 8 show that this kernel both initially performs
better than the generic kernels, and ultimately converges to a better state.

We also add adata-driven sound splitting kernel (Figure 12), which either proposes
to merge two short tones/noises into a long one, or splits a long sound into two short ones,
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